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Modified gravity has attracted much attention over the last few years and remains a potential
candidate for dark energy. In particular, the so-called viable f(R) gravity theories, which are able to
both recover General Relativity (GR) and produce late-time cosmic acceleration, have been widely
studied in recent literature. Nevertheless, extended theories of gravity suffer from several shortcom-
ings which compromise their ability to provide realistic alternatives to the standard cosmological
ΛCDM Concordance model. We address the existence of cosmological singularities and the con-
ditions that guarantee late-time acceleration, assuming reasonable energy conditions for standard
matter in the so-called Hu-Sawicki f(R) model, currently among the most widely studied modifica-
tions to General Relativity. Then using the Supernovae Ia Union 2.1 catalogue, we further constrain
the free parameters of this model. The combined analysis of both theoretical and observational
constraints sheds some light on the viable parameter space of these models and the form of the
underlying effective theory of gravity.
PACS numbers: 04.50.Kd, 98.80.-k, 98.80.Cq, 12.60.-i
I. INTRODUCTION
Over the last few years, a great deal of effort related
to the problem of the origin of late-time cosmic acceler-
ation has been devoted to the so-called f(R) theories of
gravity. This is due to the fact that by a choosing the La-
grangian of the gravitational interaction to be an appro-
priate function of the Ricci scalar, the late-time accelera-
tion of the universe expansion can be reproduced without
the need of introducing a dark energy field (for a review
see Ref. [1]). Contrary to the first f(R) models from the
80’s, for example Starobinsky’s R2 inflation model, much
of the current work on f(R) gravity is aimed at obtain-
ing a description of the late-time history of the universe,
when the curvature is very small. Roughly speaking,
these models provide an infrared correction to General
Relativity (GR), which may be inspired by string the-
ories [3]. Moreover, the analysis of inflation within the
framework of modified gravity and even the unification
of late-time acceleration and inflation still draws a great
deal of attention, particularly after the last release of
Planck data and the success of Starobinsky inflation [2].
It is therefore possible that these types of modifications
to general relativity could lead to a complete picture of
the evolution of the universe [4]. Unfortunately, in gen-
eral, such modifications of GR are plagued by a number of
problems, such as violations of local gravity tests, the ab-
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sence of a matter dominated era and antigravity regimes
among others. In order to deal with these shortcom-
ings, some f(R) models referred to as viable have been
proposed in the last few years (see Refs. [5, 6]). Those
models are able to introduce corrections at cosmologi-
cal scales, while GR is recovered on local scales and the
usual predictions of GR remain the same. To do so, the
authors of these works extended the so-called Chameleon
mechanism [7], initially applied to scalar-tensor theories,
to f(R) gravity. The Chameleon mechanism basically
introduces a scale hierarchy over the additional terms of
the gravitational action so that on local scales, for ex-
ample the Earth or the Solar System, GR is effectively
recovered. On the other hand, these terms become im-
portant on cosmological scales, whereby the appropriate
choice of theory parameters, the late-time acceleration
can be reproduced. In addition, these viable modified
theories of gravity are also able to evade the Ostrograd-
ski and Dolgov-Kawasaki instabilities [8]. All these fea-
tures make these theories a promising candidate for dark
energy.
However, a common issue of every viable f(R) grav-
ity is the presence of a number of theoretical short-
comings such as back-reaction averaging effects, absence
of smooth junction conditions in astrophysical context
[9, 10], faster growth of structures in disagreement with
large-scale structure catalogues [11], the appearance of
unexpected singularities and existence of anti-gravity
regimes, among others. The latter two issues form part
of the study presented in this manuscript. In more de-
tail, a common feature of every viable f(R) gravity is the
presence of sudden cosmological singularities both in the
past and the future (for a classification of singularities,
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2see Ref. [12]). The existence of such singularities within
General Relativity is connected to violations of the en-
ergy conditions by the matter content, particularly dark
energy. Nevertheless, within modified gravity, the en-
ergy conditions may be violated naturally through the
extra geometrical terms that appear in the field equa-
tions [13]. The occurrence of such singularities have been
explored extensively in the literature, since observations
do not discard an equation of state parameter for dark
energy w < −1 [14]. One of these cosmological singu-
larities is the so-called sudden singularity, where the first
derivative of the Hubble parameter diverges [15]. Viable
f(R) gravity, in general contains this type of cosmolog-
ical singularity. Furthermore, the singularity represents
an asymptotically stable point and therefore its avoid-
ance depends entirely upon the initial conditions and the
election of the free parameters (see Refs. [16, 17]).
On the other hand, it is well known that in the context
of GR without a cosmological constant, a non-positive
contribution for the space-time geometry to the Ray-
chaudhuri equation, or in other words the attractiveness
of gravitational interaction, is obtained once standard
fluids are assumed and regardless of the solution of the
Einstein’s equations [18, 19]. However, this result can be
reversed in the context of extended theories of gravity,
where depending on the theory and parameter choice,
the subsequent convergence (or divergence) of geodesics
for fundamental observers can be obtained without in-
voking the presence of exotic fluids. Moreover, an upper
bound to the contribution of space-time geometry can be
provided both in terms of the gravitational model and the
metric under consideration. Using this upper bound and
assuming usual energy conditions, restrictions on f(R)
models can be derived in order to constrain their cosmo-
logical viability [20]. Consequently, the careful analysis
of the geometrical terms in the Raychaudhuri equation
for extended theories of gravity plays a critical role in
the demonstration of the singularities theorems [18], as
well as in the context of the so-called Holographic Princi-
ple [21]. An analysis of this geometrical contribution [22]
showed that it can be interpreted as the mean curvature
in the direction of the congruence [23]. It can also be
easily verified that for a Robertson-Walker model with a
negative deceleration parameter, this contribution is pos-
itive [22] and the attractive character of gravity vanishes.
Actually. as shown in [22], the mean curvature for a given
geodesics turns out to be positive for almost all timelike
directions in a Robertson-Walker model with the present
value of the deceleration parameter.
The present manuscript is devoted to the analysis of
a class of viable f(R) models – the so-called Hu-Sawicki
gravity model [5] – which has received a lot of attention
lately [24]. Here we investigate the possible constraints
on the free parameters of this model by using both the-
oretical limits and observational data, particularly the
Union2.1 catalogue of Supernovae Ia [25]. Then, the
free parameters are constrained by obtaining the region
of parameter-space which is free of cosmic singularities
and also has a positive contribution to the Raychaudhuri
equation at late times. Initial conditions for the back-
ground evolution are fixed at large (z ∼ 10) redshifts to
be the same as in the ΛCDM model in order to guaran-
tee that the high redshift cosmology is compatible with
BBN and CMB constraints. After obtaining a region free
of singularities, which provides a smooth evolution from
the past until today, the free parameters are then fitted
by using Supernovae Ia data.
The paper is organised as follows: In Sec. II we pro-
vide an overview of f(R) theories of gravity in the metric
formalism in general and the Hu-Sawicki model in par-
ticular, providing a brief review of the dynamical system
approach which enables us to easily solve the background
cosmological equations. Then in Sec. III we discuss the
emergence of sudden singularities in these kind of mod-
els using the equivalent picture of scalar-tensor theories.
We also present the theoretical analysis leading to upper
bounds on the positive geometrical contributions to the
Raychaudhuri equation for f(R) models. The statistical
analysis using supernovae data is performed in Sec. IV
enabling us, together with other gravitational and cos-
mological tests to constrain the viable parameters space.
We end the paper in Sec. V presenting the main results of
this investigation. A brief appendix A at the end of the
paper gives details on the process to find the apparent
magnitude statistical minimum. Unless otherwise speci-
fied, natural units (~ = c = kB = 8piG = 1) will be used
throughout this paper.
II. COSMOLOGICAL EVOLUTION IN
HU-SAWICKI f(R) MODEL
f(R) gravity usually refers to a set of theories whose
Lagrangian is given by a general function of the Ricci
scalar,
S =
∫
d4x
√−g [f(R) + 2Lm] , (1)
where Lm is the Lagrangian of the matter content. It is
straightforward to obtain the field equations by varying
the action with respect to the metric field gµν , leading to
RµνfR − 1
2
gµνf(R) + (gµν−∇µ∇ν) fR = T (m)µν . (2)
where fR ≡ dfdR . Higher derivatives of f with respect to
R will be denoted as f2R, f3R, etc.
We are primarily interested in studying spatially flat
Robertson-Walker cosmologies, whose metric, expressed
in the usual co-moving coordinates, is given by
ds2 = −dt2 + a(t)2
3∑
i=1
(
dxi
)2
. (3)
Then, the corresponding field equations obtained from
(2) and corresponding to a dust-dominated Universe be-
3come
H2 =
1
3fR
(
ρm +
RfR − f
2
− 3HR˙f2R
)
,(4)
−3H2 − 2H˙ = 1
fR
[
R˙2f3R +
(
2HR˙+ R¨
)
f2R
+
1
2
(f −RfR)
]
, (5)
where the Hubble parameter is H(t) = a˙/a, the dot de-
notes a derivative with respect to cosmic time, and ρm
denotes the standard matter energy density. We can also
use the continuity equation,
ρ˙m + 3Hρm = 0 (6)
to reduce the number of independent equations.
It has been shown recently [26] that it is convenient
(and numerically more stable) to express the cosmolog-
ical equations as a set of autonomous first order equa-
tions in order to study the expansion history of a general
class of f(R) theories. Taking advantage of this fact,
we rewrite equations (4) - (6) in terms of the following
dynamical system variables
x =
R˙f2R
HfR
, v =
R
6H2
,
(7)
y =
f
6H2fR
, Ω =
ρm
3H2fR
.
Written in terms of (7), the Friedmann and Raychaudhuri
equations become
1 = Ω + v − x− y (8)
dh
dz
=
h
z + 1
(2− v) , (9)
where h = H/H0 and we obtain the following set of first
order differential equations directly from the dynamical
system variables.
dx
dz
=
1
(z + 1)
[−Ω + x2 + (1 + v)x− 2v + 4y] , (10)
dy
dz
=− 1
(z + 1)
(vxΓ− xy + 4 y − 2 yv) , (11)
dv
dz
=− v
(z + 1)
(xΓ + 4− 2 v), (12)
dΩ
dz
=
1
(z + 1)
[Ω (−1 + x+ 2 v)] . (13)
These equations describe the cosmological evolution of a
general f(R) theory of gravity, where Γ ≡ fRRf2R specifies
the theory [27].
In this paper we focus on the analysis of the so-called
viable f(R) theories of gravity, which, in addition to pro-
ducing the late time accelerated era of expansion, also
recovers results consistent with General Relativity on lo-
cal scales. To illustrate our analysis, let us consider the
model of this kind proposed in Ref. [5],
f(R) = R− cH20
b(R/cH20 )
n
d(R/cH20 )
n + 1
≡ R+ fHS(R) , (14)
where {b, c, d, n} are constants to be determined by both
theoretical and observational constraints, while H0 is
the ΛCDM Hubble parameter evaluated today. For this
model, the Γ term in the dynamical systems equations
takes the following form
Γ = −
(drn + 1)
[
r (drn + 1)
2 − bncrn
]
bnc [rn(n− 1)− dr2n(n+ 1)] , (15)
where r = R/cH20 is the dimensionless Ricci scalar.
The success of this model lies in its ability to pro-
duce an effective cosmological constant at late times, thus
mimicking the expansion history of the ΛCDM model, as
well as avoiding violations of local gravity tests. To do
so, the extra scalar degree of freedom - known as the
scalaron - behaves like a Chameleon field, whose mass is
given by:
mfHS =
√
3fHS2R . (16)
Summarising, since the mass of the scalaron (16) depends
on the scale via the Ricci scalar, roughly speaking, the
so-called thin-shell condition (a smooth transition from
high to low curvature regimes) is satisfied provided the
mass (16) is large enough in the high curvature regime,
such that deviations from General Relativity are avoided.
For further details about the chameleon mechanism c.f.
Ref.[7] and for its extension to f(R) gravity, see Ref. [5].
In spite of the great success of models of this kind, they
are plagued with several shortcomings such as the pres-
ence of antigravity regimes or the occurrence of cosmic
curvature singularities. Both of these issues are analysed
in detail below, but before doing so, let us first illustrate
their cosmological behaviour, given by (14) and how they
are able to mimic the cosmological constant behaviour at
late times.
In order to illustrate this qualitatively, Fig. 1 depicts
the shape of fHS(R) for a set of the free parameters of
the model. The free parameter n controls the slope of
the transition to a constant plateau. The amplitude of
the correction is directly determined by the free param-
eter c, so that when R  cH20 , corrections to GR are
negligible, and in the high curvature limit, R  cH20 ,
fHS(R) behaves effectively like a cosmological constant,
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Figure 1: The Hu-Sawicki model for a sample of the free
parameters {n = 1, b = 200}. We show the redshift evolution
of the Hubble parameter and the deceleration parameter in
the inner upper panel and inner lower panel, respectively, for
the Hu-Sawicki (blue) model and the ΛCDM model (red).
Both the Hubble parameter and the deceleration parameter
corresponding to this model are clearly indistinguishable from
ΛCDM.
namely1
lim
cH20/R→0
fHS(R) ≈ − b
d
m2 . (17)
As was originally presented in [5], we limit the choices of
the free parameters by requiring that this theory must
mimic the ΛCDM model. In order for this to occur, we
require that
c = 6(1− Ωm)d
b
. (18)
In this way, the amplitude of the plateau is controlled by
the free parameters {b, d} and the matter density today
Ωm ≡ ρm,0/3H20 . In the top central panel of Fig. 1, the
Hubble parameter evolution is compared with the ΛCDM
model, while the central bottom panel depicts the decel-
eration parameter q = −a¨/aH2. This clearly shows that
for this choice of parameters, the expansion history is in-
distinguishable from the ΛCDM model, a feature which
makes this class of theories such a popular parameteri-
sation of dark energy. Having said this, in what follows,
we will show that not all values of the parameters lead to
1 In expression (17) the limit must be understood as R  cH20 ,
i.e., eras with high Ricci curvature, such as matter/radiation
dominated eras.
viable expansion histories due to the presence of curva-
ture singularities at physically relevant redshifts nor they
guarantee cosmological expansion at late times.
III. SINGULARITIES AND THE
NON-ATTRACTIVE CHARACTER OF GRAVITY
IN VIABLE f(R) THEORIES
A. Singularities
One of the main shortcomings of viable f(R) theories
of gravity is the occurrence of cosmological singularities,
in particularly the appearance of a sudden singularity,
where H˙ → ∞ in a finite time ts (see [16, 17]). This is
a feature which can be easily analysed within the scalar-
tensor framework of f(R) gravity, where the action (1)
takes the form
S =
∫
d4x
√−g [φR− V (φ) + 2Lm] , (19)
by means of the relations
φ = fR ; V (φ) = RfR − f(R) . (20)
For the model (14), the scalar field φ and its potential in
terms of the Ricci scalar become
φ = 1− bn (R/cH
2
0 )
n−1
[1 + d(R/cH20 )
n]
2 , (21)
V (φ(R)) =
bcH20 (R/cH
2
0 )
n
[
1− n+ d(R/cH20 )n
]
[1 + d(R/cH20 )
n]
2 .
In general it is not possible to get the explicit expression
of the scalar potential in terms of the scalar field V =
V (φ) since the first expression in (22) is not analytically
invertible for a general n. Nevertheless, this is possible
for the case n = 1, such that the scalar potential yields
V (φ) = cH20
b+ (1− φ)± 2√b(1− φ)
d
. (22)
Note that in this case the potential is not univocally de-
fined, as depicted in Fig. 2. It is straightforward to check
that the sudden singularity, where R→∞, occurs for
φ→ 1 , V → bc
d
H20 , (23)
since H˙ ∝ V ′(φ) and the first derivative of the potential
V ′(φ → 1) → ∞. Hence, in order to construct a con-
sistent and smooth cosmological evolution for the f(R)
model (14), the occurrence of such singularity has to be
avoided. Note that the two branches of the scalar poten-
tial, Fig. 2, contain different asymptotically stable points.
While the upper branch ends at the singular point φ = 1,
and any cosmological evolution located initially on that
branch, the other branch ends in an asymptotically sta-
ble de Sitter evolution (see Ref. [17]). Therefore, depend-
ing upon the initial conditions and the model parameters
values, the singularity may be avoided, as shown in the
following Section.
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Figure 2: Evolution of the scalar potential (22) for n = 1.
The singular behaviour lies at φ = 1. The lower branch is
singularity free whereas the upper branch leads inevitably to-
wards the singularity. The potential corresponds to the free
parameteres used in Fig. 1, {n = 1, b = 200}.
B. Attractive character
In this section we focus on finding inequalities which
provide an upper bound for the positive contribution to
the space-time geometry of the Raychaudhuri equation
for timelike geodesics2, rendering the gravitational in-
teraction attractive. Let us express the Raychaudhuri
equation for timelike geodesics as [19, 29]
dθ
dτ
= −1
3
θ2 − σµνσµν + ωµνωµν −Rµνξµξν , (24)
where θ, σµν and ωµν are respectively the expansion,
shear and rotation of the congruence of timelike geodesics
generated by the tangent vector field ξµ and τ is an affine
parameter. One of the standard interpretations of the
Raychaudhuri equation is that, once the Strong Energy
Condition (SEC) is assumed3
Tµνξ
µξν ≥ −1
2
T, (25)
Provided that GR is considered as the underlying theory,
the SEC immediately implies that Rµνξµξν ≥ 0, which
may be interpreted as a manifestation of the attractive
2 The analysis for null geodesics is much simpler as shown in [20].
3 Note that both dust matter and radiation satisfy the SEC. For
a discussion about cases where this condition does not hold see
[18]. In particular, a stress-energy tensor corresponding to a
cosmological constant Λ fluid does not fulfill the SEC.
character of gravity. It therefore follows that the mean
curvature [22, 23] in every timelike direction defined by
Mξ ≡ −Rµνξµξν (26)
is negative or zero in GR provided that the SEC holds.
The utility of the Raychaudhuri equation in the singu-
larity theorems is based on the following result: if one
chooses a congruence of timelike geodesics whose tan-
gent vector field is locally hypersurface-orthogonal, then
one gets ωµν = 0 for all the congruences. Since the term
σµνσ
µν is non-negative and whenever Rµνξµξν ≥ 0 is
assumed, then
dθ
dτ
+
1
3
θ2 ≤ 0 → θ−1(τ) ≥ θ−10 +
1
3
τ . (27)
This inequality tells us that a congruence initially con-
verging (θ0 ≤ 0) will converge to zero in a finite time.
Reverse reasoning backwards in time can be easily for-
mulated. Let us stress at this stage that the require-
ment for the previous reasoning to be true for any gen-
eral theory of gravity does not need any energy condition
to hold, but rather that Rµνξµξν ≥ 0 for every non-
spacelike vector. In what follows, we focus on timelike
geodesics, referring the reader to [20], where details on
null geodesics were presented. We also consider the afore-
mentioned constraint in late-time cosmological scenarios,
i.e., assuming a de Sitter phase and subdominant contri-
butions from both radiation and dust. Thus, the Ricci
scalar R = R0 will be approximately constant for situa-
tions where we require cosmological expansion of timelike
geodesics in order to match observations.
Following the general results in [20], one can prove that
Rµνξ
µξν ≥ f(R0)−R0fR(R0)
2(1 + fR(R0))
, (28)
where we have just considered Eqn. (2) with constant
scalar curvature and all standard matter sources - if any
- to satisfy the SEC. Therefore, the r.h.s. of (28) must
be negative in order to allow Rµνξµξν < 0 or equiva-
lently Mξ > 0. It follows that Mξ must be bounded
from above. Hence the necessary condition for timelike
geodesics to diverge at late times becomes:
f(R0)−R0fR(R0)
2(1 + fR(R0))
< 0 , (29)
and provided that 1 + fR(R0) > 0, we obtain
f(R0)−R0fR(R0) < 0 . (30)
If we now consider equation (2) in vacuum (T = 0) for
constant scalar curvature solutions, the value of R0 sat-
isfies
R0 =
−2f(R0)
1− fR(R0) , (31)
Although in general this algebraic equation cannot be
solved analytically, some f(R) models exist (depending
6upon the parameters of the model) for which a closed
solution can be found. Thus rearranging terms in the
equation (30) one can prove that the equation above im-
plies4
R0 > 0 . (32)
Hence, a positive contribution to the Raychaudhuri equa-
tion from the space-time geometry Mξ for every time-
like direction is obtained provided that R0 > 0. This
condition will constrain the parameters of different Hu-
Sawicki models. As mentioned above constant curvatures
R0 usually cannot be determined analytically5 from (31)
although numerical solutions do generally exist, as we
shall illustrate for n = 2, 3 in the upcoming section.
In conclusion, the combination of the analyses de-
scribed in Sections IIIA and III B provide two comple-
mentary independent ways of constraining viable f(R)
models. We have applied those results to the Hu-Sawicki
class of models for different exponents n = 2, 3 and sum-
marise the results in Fig. 3. This information can be
then used in MCMC analyses in order to avoid regions
in the parameter-space which we know possess singular
points in their cosmological evolution or do not provide
late-time accelerated expansion.
IV. FITTING THE HU-SAWICKI MODEL
WITH SNE Ia
We implement a Markov Chain Monte Carlo (MCMC)
routine to estimate the parameters of the Hu-Sawicki
model, by fitting to the Union 2.1 supernovae data (see
Ref. [25]), consisting of 557 sources. Using a Metropolis-
Hastings algorithm, we sample from a three-dimensional
parameter space {b, d,Ωm}, while holding n fixed at three
integer values of 1,2,3. However, the occurrence of sin-
gularities in a model’s resulting expansion history makes
any numerical analysis, such as a parameter optimisation
routine, more complicated, as the statistics and posterior
distributions may be compromised whenever encounter-
ing singular evolutions. We therefore attempt to manage
this difficulty as follows.
A. Numerical detection of singularities
Given that singularities are expected within the pa-
rameter space, it is useful to determine the regions of
parameter-space containing regular solutions, so that ap-
propriate priors on the free parameters may be consid-
ered.
4 Here 1− fR(R0) > 0 has been assumed in agreement with usual
viability conditions on f(R) theories.
5 For n = 1, Eqn. (31) can be exactly solved [20].
Figure 3: Regions in the b− d plane, for n = 2 (upper panel)
and n = 3 (lower panel) containing singular/regular sets of
parameters for different values of Ωm, and regions with differ-
ent signs of R0. In both panels, the non-meshed zone repre-
sents R0 > 0, and the grey regions represent entirely singular
regions (regardless of the value of Ωm); for n = 2 this corre-
sponds to d < 0, and for n = 3 this corresponds to b < 0.
Other singular regions in the b− d plane do depend upon the
value of Ωm and have been represented in different colours
(see legends in the panels). Note that this analysis focuses
on the past cosmological evolution z ≥ 0, thus this does not
ensure a whole regular condition for n > 1. For the case
n = 2, the closer Ωm gets to its best-fit value Ωm = 0.27 (see
Section IV), the narrower the aforementioned upper singular
parabolic region becomes. When Ωm = 0.27, the phase space
is completely regular for all values of d > 0 and all values
of b 6= 0. For the case n = 3, there appears not to be any
improvement as we get closer to the Ωm best-fit value but the
singular region located at b > 0 grows with Ωm.
The best fit values found in Table I lie in the blank regions
for both n = 2, 3.
Since the integration of the cosmological equations is
needed for the optimisation routine, the detection and
avoidance of any singularities is a mandatory step at this
stage.
The case n = 1 is particularly simple as the appearance
7of singularities solely depends upon two free parameters
{b,Ωm}, and the scalar potential is obtained exactly in
(22). Consequently the region of parameter-space leading
to regular solutions can easily be found [17]. As pointed
out above, we need to stay initially on the lower branch
of the scalar potential Fig. 2 in order to avoid the singu-
larity, which is located at φ = 1 where V (φ = 1) = bcd H
2
0 .
This leads to the condition:
Vφ=1 <
bc
d
H20 , (33)
Then, by imposing the initial conditions to match the
model with ΛCDM at a particular redshift and using the
expression (22), we get the following constraint on b,
b <
3(Ωm − 1)H20
R0,ΛCDM
=
Ωm − 1
[z0 (z20 + 3z0 + 3)− 3] Ωm + 4
,
(34)
where z0 is the initial redshift.
For n > 1, we need to resort to numerical techniques
in order to determine the singularity free regions in the
parameter space. We proceed by testing a reasonably
large grid of the sampling region, within a chosen redshift
range. The dynamical system equations (9) - (13) are
integrated from z = 10 to the present era6.
The solution at every point in the grid is examined
to determine any singular behaviour. We present two-
dimensional representations of this grid, showing the b−d
plane, for fixed values of Ωm in Fig. 3 for n = 2 and n = 3.
According to this, for higher values of n the singular re-
gions in the phase space are more complicated. While the
filled regions in the plot represent regions which contain
the singularities in this range of parameter space, there
may exist regular parameter sets for different values of
Ωm within those regions as well. Similarly, the white
space gives singularity free regions that also depend on
the value of Ωm. This analysis ensures an smooth cos-
mological evolution for z ≥ 0 but is unable to ensure
a future cosmological evolution in absence of singulari-
ties. However, note that many other dark energy models
allowed by the observations contain future cosmological
singularities [14].
B. SNIa fit to the Hu-Sawicki model
In this section we present the results of a Markov Chain
Monte Carlo method performed to fit for the free param-
eters of the Hu-Sawicki model subject to the theoretical
constraints presented above. The results obtained in the
previous section aid in the avoidance of highly dense sin-
gular regions, as well as the interpretation of the MCMC
6 As in [27], we see that choosing z0 ≥ 10 provides good initial
conditions, since for earlier times, the ΛCDM model is indistin-
guishable from the Hu-Sawicki model.
chains. The regions for which the cosmological evolution
does not guarantee expansion are excluded a priori in the
calculations here, although once the maximum likelihood
is obtained, we are able to determine whether the corre-
sponding points in the parameter-phase space lie in the
allowed regions, i.e., singularity-free and late-time expan-
sion ones.
The observable to be compared with the catalog of
Union2 is the apparent magnitude, which is defined as
follows
mth(z; Ω0m, z0, xi) = M¯(M,H0) +
5 log10
[
DL(z; Ω
0
m, z0, xi)
]
(35)
where xi are the free parameters of the model and M¯ is
the magnitude zero point offset, which is given by
M¯ = M + 5 log10
[
cH−10
Mpc
]
+ 25 . (36)
Here M is the absolute magnitude and H0 is the Hubble
parameter evaluated today, while DL(z; Ω0m, z0, xi) is the
corresponding free luminosity distance:
DL(z; Ω
0
m, z0, xi) = (1 + z)
∫ z
0
dz′
H0
H(z′; Ω0m, z0, xi)
.
(37)
Then, for a particular set of the free parameters {Ω0m, xi},
the Hubble parameter H(z; Ω0m, z0, xi) is obtained by
solving equations (9) - (13). Thus, the theoretical value
of the apparent magnitude (35) can be determined, and
compared with the observational data from [25], which
provides the observed apparent magnitudes mobs(z) of
the SN Ia with the corresponding redshifts z and errors
σm(z). Then, the best fit is determined by studying the
probability distribution
P (M¯,Ω0m, w0, z0) = N e−χ
2/2 , (38)
where χ2 ≡ χ2(M¯,Ω0m, z0, xi) and
χ2 =
557∑
i=1
(mobs(zi)−mth(zi; M¯,Ω0m, z0, xi))2
σ2
mobs(zi)
. (39)
Here N is a normalisation factor. Those free parame-
ters {Ω¯0m, z¯0, x¯i} minimising the χ2 expression (39) will
correspond to what we call the best fit. On the other
hand, the parameter M¯ can be minimised and dropped
out of the χ2 expression. Details on such a process are
provided in Appendix A. The MCMC analysis for the
Hu-Sawicki model was performed by fixing integer values
of n = 1, 2, 3, sampling for the posterior distributions of
the remaining free parameters b, d and Ωm.
For each of n = 1, 2, 3, twenty chains were generated,
comprising 2.5 × 105 sampled points in the respective
parameter space. The obvious prior Ωm ∈ (0, 1] was im-
posed. For the sake of simplicity, each parameter was
8n b bbest fit d dbest fit
1 347± 300 745 - -
2 825± 200 1052 303± 200 49
3 947± 300 1388 3515± 500 3675
n Ωm Ωm best fit χ
2
min χ
2
red
1 0.270± 0.020 0.270 542.683 0.979
2 0.272± 0.020 0.270 542.683 0.981
3 0.264± 0.018 0.270 542.689 0.981
ΛCDM 0.27± 0.02 0.27 542.685 0.978
Table I: MCMC analysis results for the fitting of Hu-Sawicki
model to Union 2 SNIa data. The free parameters b,d and
Ωm are estimated, for each case where n is fixed, n = 1, 2, 3.
We include the results for ΛCDM for comparison. Each free
parameter is represented by two columns, the left showing the
mean and 1σ of the resulting posterior, and the right showing
its best fit value. The best fit values lie in the white regions
in Fig. 3 for both n = 2, 3 exponents, therefore providing the
appropriate cosmological expansion behaviour at late time.
sampled following a normal distribution centered at zero
with standard deviations7
σb = 5, σd = 5 and σΩm = 0.03 respectively. Results
are depicted in Fig. 4. Each chain was initialised at
unique points in the phase space, and for each Markov
Chain, convergence of the matter density fraction of the
universe today, i.e., Ωm occurred fairly quickly. In fact,
Ωm is very well described by a Gaussian posterior distri-
bution of all three values of n, with an error comparable
to that of a similar analysis done for ΛCDM. Table I
summarises the results for each value of n. We include
the best fit values for each parameter corresponding to
each value of the exponent n, as well as the mean and
1-σ standard deviation of their sample distribution. We
find in all cases that the best fit values do in fact lie in
the R > 0 regions.
For the case n = 1, the parameter space is 2-
dimensional as d factors out of the system entirely. In
this simple scenario, the convergence of the b parameter
is remarkably bad (left panel in Fig. 4). We find, consis-
tently for each Markov chain generated, that a range of b
values minimising χ2 exists. The χ2 surface is extremely
flat, and we find that the variation in the values of the
χ2 is small (σχ2 = 1.470).
When n = 2, the parameter space is 3-dimensional.
Once again, Ωm converges quickly to Ωm = 0.27± 0.020,
however, b and d show no acceptable convergence in gen-
eral (mid panel Fig. 4). In both cases the standard
deviations of the posterior distributions are very large.
7 Having initially no information about the scales of b and d, the
sampling distributions were chosen so as to scan the available
phase space efficiently. The relatively large values of σb and
σd were settled upon in order to optimise the computing time.
More conservative values for these quantities were tested and the
results did not significantly differ from those presented here.
As can be seen from Table I, the best fit values of b and
d are not similar to their mean values. The variation in
the χ2 values, σχ2 = 1.530, is small in this case as well,
implying that a wide range of values for b and d perform
similarly when fitting the supernovae data. It is therefore
possible for the best fit value, which minimises the χ2, to
be quite different to the mean of the posterior.
Finally, for n = 3, where σχ2 = 1.364, it can be
seen that the results are very similar to those of n = 2.
Whereas Ωm successfully converges, b and d remain un-
constrained (right panel Fig. 4). The standard deviations
of these two free parameters are large, so that the values
which minimise χ2 is not reflected in the statistics of the
posteriors.
At this stage we must emphasise that although all the
generated MCMC chains gave identical results for Ωm,
they provided inconsistent results for b and d. The dis-
tributions of b and d were highly sensitive to the initial
points of the various chains, which reiterates the fact that
a wide range of values form part of an acceptable opti-
mum region for the values of b and d, some of which are
not necessarily connected within the phase space. We
have depicted the chain-dependence of the results for the
{b, d} parameters in Fig. 5 showing the results of four
different chains for the cases n = 2 and n = 3. As can be
seen, b and d show no tendency to converge to a preferred
state. We are led to conclude that supernovae data does
not impose strong enough constraints on the free param-
eters of the Hu-Sawicki model.
V. CONCLUSIONS
In this paper, we have investigated, through a combi-
nation of theoretical and statistical tests, several issues
which must be considered when trying to constrain the
parameter space of viable f(R) theories of gravity, and by
extension any extended theory of gravity. We focused our
study on the Hu-Sawicki model, which is considered to
provide a reasonable parameterisation of the required fea-
tures of effective extensions of the Hilbert-Einstein gravi-
tational Lagrangian which are consistent with the ΛCDM
expansion history and astrophysical tests of gravity.
We first considered two theoretical constraints, which
have been widely overlooked in previous literature,
namely the appearance of singularities and upper bounds
ensuring the cosmological expansion at late times. As
discussed previously, these kinds of viable f(R) models
analysed in this manuscript contain a cosmological sin-
gularity, where the first derivative of the Hubble param-
eter diverges [16]. By analysing the phase space of this
model, particularly in the scalar-tensor framework, we
found that the singularity is actually an asymptotically
stable point, which can be avoided by an appropriate
choice of the free parameters together with convenient
initial conditions [17]. We then investigated the require-
ments needed to obtain a positive contribution in the
space-time geometry term appearing in the Raychaud-
9huri equation for time-like geodesics. This upper bound
for f(R) models guarantees the non-attractive character
of gravity at late-times on cosmological scales, i.e., the
cosmological expansion by purely gravitational means.
We paid special attention to the asymptotic case of (de
Sitter) constant scalar curvature with the sole assump-
tion being that the usual energy conditions for standard
fluids hold. The Hu-Sawicki model proved to have free
parameters capable of satisfying both constraints. For
example, for the exponent n = 2, when these two analy-
sis were combined, we were able to exclude models with
d < 0 and large regions of parameter space with b < 0.
The necessary conditions for the free parameters which
give rise to both singular-free and accelerated de Sitter
regimes were presented in Fig. 3, where the singular re-
gions are presented for several values of Ωm. For the
case n = 3, we found that we needed to exclude regions
where b < 0 and large regions where d > 0. In this case,
the larger the value of Ωm, the larger the singular region
turns out to be.
Our aim in this paper was therefore to constrain the
parameters space region that leads to both a smooth and
regular Hubble evolution and late-time expansion, and
then use these theoretical constraints to determine pri-
ors for the free parameters when fitting with Supernovae
Ia data. Using this reduced parameter space, we then
looked at what further constraints would be obtained
when the expansion history of these models was com-
pared to Supernovae Ia data, using an extensive Markov
Chain Monte Carlo analysis. In order to do so, a full reso-
lution of the cosmological background equations was per-
formed using the dynamical system approach [27]. Thus,
for exponents n = 2, 3 the best-fit values that were found
for the free parameters lie in both the singularity-free and
accelerated regions. We also found that while the den-
sity parameter of matter Ωm is well described by a Gaus-
sian posterior distribution of the studied values of expo-
nent n, the remaining free parameters b and d cannot be
properly constrained by the sole use of supernovae data,
with large intervals in the parameter space providing al-
most the same statistical significance. Consequently, for
the studied exponents (n = 1, 2, 3), we were not able to
improve on what is obtained by the ΛCDM model. In
other words, the supernovae analysis by itself remains
a weak tool to constrain f(R) models able to provide
an explanation for the accelerated universe beyond the
Concordance ΛCDM model. In fact, this weakness was
illustrated by the fact that the best-fit statistical distri-
butions for free parameters did depend upon the starting
point of the various Monte Carlo chains as illustrated in
Fig. 5, which gives the results of four different chains for
the cases n = 2 and n = 3.
We are therefore led to the conclusion that while the
theoretical analysis conducted (the avoidance of singular-
ities in the cosmological expansion history and the non-
attractive character at late times) can indeed be used
as a powerful tool to constrain the parameter space of
viable f(R) models, when combined with observational
constraints coming from supernovae catalogues, does not
lead to a significant reduction in the parameter space
consistent with a ΛCDM expansion history. Further ob-
servational data, for example large-scale structure sur-
veys, the density contrast at different redshifts and the
integrated Sachs-Wolfe effect will be needed in order to
improve the exclusion maps we provided in the investi-
gation. Work in this direction is currently in progress.
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Appendix A
In this Appendix we give details on the process to find
the apparent magnitude statistical minimum. Indeed, by
expanding (39) in terms of M¯ as
χ2(Ω0m, z0, xi) = A− 2M¯B + M¯2C , (A1)
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where
A(Ω0m, z0, xi) =
557∑
i=1
(mobs(zi)−mth(zi; Ω0m, z0, xi))|2M¯=0
σ2
mobs(zi)
,
B(Ω0m, z0, xi) =
557∑
i=1
(mobs(zi)−mth(zi; Ω0m, z0, xi)|M¯=0)
σ2
mobs(zi)
,
C =
557∑
i=1
1
σ2
mobs(zi)
. (A2)
The minimum of equation (A1) is located at M¯ = B/C,
such that the χ2 turns out
χ˜2(Ω0m, z0, xi) = A(Ω
0
m, z0, xi)−
B(Ω0m, z0, xi)
2
C
(A3)
Hence, minimising χ˜2(Ω0m, z0, xi) independently of M¯ , is
enough to find the best fit since χ2min = χ˜2min.
